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THE LATTICE OF MONOMIAL CLONES ON FINITE FIELDS
SEBASTIAN KREINECKER
Sebastian Kreinecker, Institut fu¨r Algebra, Johannes Kepler Universita¨t Linz,
Altenbergerstraße 69, 4040 Linz, Austria
Abstract. We investigate the lattice of clones that are generated by a set
of functions that are induced on a finite field F by monomials. We study the
atoms and coatoms of this lattice and investigate whether this lattice contains
infinite ascending chains, or infinite descending chains, or infinite antichains.
We give a full characterization of the lattice of these clones if the field is of
order 2k = p+1 where p is a prime and k ∈ N. Furthermore, we show that the
sublattice of idempotent clones of this lattice is finite and every idempotent
monomial clone is principal.
1. Introduction and Preliminaries
Let N := {1, 2, 3, . . .}, let N0 := N∪ {0}, let A be a finite set, let F ⊆
⋃
{AA
i
|
i ∈ N} and let n ∈ N. We denote F ∩ AA
n
by F [n]. Let C ⊆
⋃
{AA
i
| i ∈ N}.
C is called a clone on A if it is closed under composition of functions, i.e., if
n,m ∈ N, f ∈ C [n], g1, . . . , gn ∈ C [m] then f(g1, . . . , gn) ∈ C [m], and if C contains
the projections, i.e., for n, j ∈ N with j ≤ n, pinj : A
n → A, pinj (x1, . . . , xn) := xj
lies in C. The characterization of clones on a two-element set by Emil Post [13]
was the beginning of the study of clones. Already in the case of a three-element
set, there are uncountable many clones [6], and thus a full description seems to be
hard. Hence the investigation of clones led to the study of clones which contain,
or which contain only, specific functions. Results for clones containing only affine
mappings are given in [14], a full characterization for polynomial clones (clones
containing all the constant functions) on Zp × Zp and on Zp2 for any prime p
with the operation + can be found in [4], a description for polynomial clones on
Zpq with the operation + for different primes p, q is given in [2] and in [11] it is
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shown that the lattice of polynomial clones on a group of square-free order that
contain the group operation is finite. For general notes on clone theory we refer
to [12] and [16].
In this paper we study clones of the following kind: Let α(1), α(2), . . . ∈ N0.
We call g =
∏
i∈N x
α(i)
i a monomial if there is an n ∈ N such that for all i ∈ N
with i > n we have α(i) = 0 and there is a j ∈ N such that α(j) 6= 0. Then
we write g also as
∏n
i=1 x
α(i)
i . We define mI(g) by max({i ∈ N | α(i) 6= 0}) and
call mI(g) the arity of g. Let q = pt for some prime p and for some t ∈ N,
and let Fq := GF(q). Let n ≥ mI(g). We call the function g
Fnq : Fnq → Fq,
gF
n
q (x1, . . . , xn) :=
∏n
i=1 x
α(i)
i the n-ary induced function of g on Fq. We call a
function which is induced by a monomial a monomial function. We say that gF
n
q
is idempotent if gF
n
q (x, . . . , x) = x for all x ∈ Fq, and call then g an idempotent
monomial. This holds if and only if
∑mI(g)
i=1 α(i) ≡q−1 1. We call two monomials
m1 and m2 equivalent if the mI(m1)-ary induced function of m1 on Fq is equal to
the mI(m2)-ary induced function of m2 on Fq. Now let M be a set of monomials.
We call M a monomial clone on Fq if C := {m
Fnq | m ∈ M,n ∈ N, n ≥ mI(m)}
is a clone on Fq and M is closed under equivalent monomials, which means if
m ∈ M and the monomial m′ is equivalent to m, then m′ ∈ M . We say that M
is idempotent if all monomials of M are idempotent. In order to describe clones
that contain only monomial functions, we will describe monomial clones. Clones
that contain only monomial functions have been studied in [7], [8], [9], and [10],
where special clones (e.g. generated by unary or binary monomial functions)
are characterized. This was further developed in [5] where the binary part of
an idempotent monomial clone on Fq which is generated by one single binary
idempotent monomial is fully described.
Let Mq be the set of all monomial clones on Fq. Let C,D be two monomial
clones on Fq. Then we denote by C ∨D the smallest monomial clone which con-
tains C and D, and by ∩ we denote the intersection of sets. Then (Mq,∨,∩) is a
lattice. The smallest monomial clone ∆ is the monomial clone generated by the
monomial x1 which induces the clone of projections, and the largest monomial
clone ∇ is the monomial clone generated by x1x2, which induces the clone gen-
erated by the field multiplication. The set of idempotent monomial clones on Fq
with ∨ and ∩ forms a sublattice of the lattice of monomial clones on Fq. Let C be
a monomial clone on Fq such that C 6= ∆ and C 6= ∇. We call C an atom if for all
monomial clones D with D ⊆ C we have D = ∆ or D = C. We call C a coatom
if for all monomial clones D with C ⊆ D we have D = ∇ or D = C. Let C,D
be two monomial clones on Fq. If C ⊆ D and C 6= D, we write C ⊂ D. In this
paper we investigate the general structure of the lattice of monomial clones on Fq
for any prime power q: In Section 2 we start our investigation on monomials and
give techniques for generating monomials. In Section 3 we give a full description
of the lattice of monomial clones on Fq if q = 2, or q is a prime power such that
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q − 1 is prime. In Section 4 we give a connection from monomial clones to semi-
affine algebras (see [16]). In Section 5 we investigate the top and the bottom of
the lattice of monomial clones on Fq for any prime power q. In Theorem 5.4 we
see that on the top of the lattice of monomial clones on Fq, there is an interval
isomorphic to the divisor lattice of q − 1. Furthermore, we get a full description
of the atoms in Corollary 5.2 and the coatoms in Theorem 5.10. In Section 6 we
prove that (Mq,∨,∩) is well-partially ordered (Theorem 6.3), i.e. there are no
infinite antichains and no infinite descending chains of monomial clones on Fq.
Furthermore, we show in Theorem 6.6 that infinite ascending chains of monomial
clones on Fq exist if and only if q − 1 is not square-free. In Section 7 we show
that the lattice of idempotent monomial clones on Fq is finite and that every
idempotent monomial clone on Fq is principal, i.e. single generated.
1.1. Notation for monomial clones. Let q be a prime power. Let C be a clone
on Fq which contains only monomial functions, and let M be the monomial clone
such that C = {mF
n
q | m ∈ M,n ∈ N, n ≥ mI(m)}. Let f ∈ C be induced by the
monomial m = x
α(1)
i1
· · ·xα(n)in , where n ∈ N, α(1), . . . , α(n) ∈ N and i1, . . . , in ∈ N
with i1 < i2 < . . . < in. Then m can be seen as in-ary function and since m has n
variables with exponents unequal to 0, we say thatm has width n. Since xq = x for
all x ∈ Fq and M is closed under equivalent monomials, we have thatM contains
all these monomials x
β(1)
i1
· · ·xβ(n)in where for all j ≤ in we have β(j) ≡q−1 α(j) and
β(j) > 0. By permuting the variables we have x
α(1)
1 · · ·x
α(n)
n ∈M . We see that a
monomial clone is uniquely determined by those monomials
∏n
i=1 x
α(i)
i with n ∈ N
such that for all i ≤ n, α(i) ∈ {1, . . . , q − 1}. Let i, j ∈ N. If we set a variable xi
to a variable xj of a monomial, we say that we identify the variable xi with xj .
Since C is a clone, M is closed under composition of monomials and thus closed
under identifying variables, since a variable induces a projection. Let k ∈ N, and
let m1, . . . , mk be monomials. By 〈{m1, . . . , mk}〉 we denote the monomial clone
on Fq that is generated by the monomials m1, . . . , mk, i.e. the smallest monomial
clone that contains {m1, . . . , mk}. Let M ′ be a set of monomials. Then M ′ is
a monomial clone on Fq if and only if {xi | i ∈ N} ⊆ M ′, M ′ is closed under
composition of monomials and M ′ is closed under equivalent monomials.
Example 1.1. Let q be a prime power. We have ∆ = 〈{x1}〉 and ∇ = 〈{x1x2}〉.
Let C be a monomial clone on F5. If m(x1, x2) = x
2
1x2 ∈ C, then permuting
the variables yields m1(x1, x2, x3) = m(x2, x3) = x
2
2x3 ∈ C. Then we have
m2(x1, x2, x3) = m(x1, m1(x2, x2, x3)) = x
2
1x
2
2x3 ∈ C, and therefore we obtain
m3(x1, x2, x3, x4) = m(x1, m2(x2, x3, x4)) = x
2
1x
2
2x
2
3x4 ∈ C. By identifying all the
variables with x1 we get that m4(x1) = m3(x1, x1, x1, x1) = x
7
1 ∈ C. Since x
7
1
induces the same function as x31, we have x
3
1 ∈ C, and also x
11
1 ∈ C.
Since xq = x for all x ∈ Fq, we will describe monomial clones on Fq by investi-
gating the arithmetic properties modulo q−1 of the exponents of the monomials.
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1.2. Modulus Calculation. Let q be a prime power. Since xq = x for all
x ∈ Fq, we calculate modulo q−1 in the exponents, but x0 6= xq−1 for x = 0, and
thus if an exponent a of a monomial has the property that a ≡q−1 0 and a > 0,
we reduce a to q − 1 and not to 0. Hence, we define for a ∈ N0,
a :=
{
q − 1, if a mod q − 1 = 0 and a > 0,
a mod q − 1, otherwise.
If C is a monomial clone on Fq, we denote by C the set {
∏n
i=1 x
α(i)
i ∈ C | ∀i ≤
n : α(i) ∈ {1, . . . , q − 1}}. As we already mentioned, C is uniquely determined
by C.
2. First observations and procedures for generating monomials
Let q be a prime power and let C be a monomial clone on Fq fixed for the rest
of the section. We start with an example of a monomial clone on Fq.
Lemma 2.1. Let b be a divisor of q − 1. The set C ′ := {
∏n
i=1 x
α(i)
i | n ∈ N, ∀i ≤
n : α(i) ∈ N0, ∃j ≤ n : α(j) 6= 0,
∑n
i=1 α(i) ≡b 1} is a monomial clone on Fq.
Proof. Obviously 〈{x1}〉 ⊆ C ′. Now we show that C ′ is closed under composition
of monomials. Let n ∈ N, letm :=
∏n
i=1 x
α(i)
i ∈ C
′, and letmj :=
∏nj
i=1 x
βj(i)
i ∈ C
′
for all j ≤ n. Now we get m(m1, . . . , mn) =
∏n
i=1
∏ni
i′=1 x
α(i)·βi(i
′)
i′ , and we have
that
∑n
i=1
∑ni
i′=1 α(i) · βi(i
′) ≡b
∑n
i=1 α(i) ≡b 1. For all c, d ∈ N with c ≡q−1 d we
have c ≡b d, since b divides q − 1, and thus if
∏n
i=1 x
α(i)
i ∈ C
′, then {
∏n
i=1 x
β(i)
i |
∀i ≤ n : β(i) = α(i)} ⊆ C ′. Hence, C ′ is a monomial clone on Fq. 
Lemma 2.2. Let
∏
i∈I x
α(i)
i ∈ C with |I| ≥ 2 and α(i) 6= 0 for all i ∈ I, and let
D ⊂ I be such that
∑
i∈D α(i) ≡q−1 0. Then
∏
i∈I\D x
α(i)
i ∈ C.
Proof. We identify all xi for i ∈ D with a xj where j ∈ I \D. The result holds,
since C is closed under identifying variables and α(j) +
∑
i∈D α(i) = α(j). 
Example 2.3. Let D be a monomial clone on F5. If x
3
1x
2
2x
2
3 ∈ D, then 2+2 ≡4 0
and thus by Lemma 2.2 we have x31 ∈ D.
Lemma 2.4. Let t ∈ N, let α(1), . . . , α(t) ∈ N and let j ∈ N. C contains the
monomial
∏t
i=1 x
α(i)
i
∏t+j
i=t+1 x
q−1
i if and only if for all n ∈ N0 we have that C
contains
∏t
i=1 x
α(i)
i
∏t+n
i=t+1 x
q−1
i .
Proof. The “if”-direction is obvious. We show the “only if”-direction. By Lemma
2.2, we have
∏t
i=1 x
α(i)
i ∈ C. Now we proceed by induction on n ∈ N. For n = 1
we have by Lemma 2.2 that (
∏t
i=1 x
α(i)
i )x
q−1
t+1 ∈ C, since j ∈ N. Now let n ≥ 2.
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Let m(x1, . . . , xt+1) := (
∏t
i=1 x
α(i)
i )x
q−1
t+1 . By the induction hypothesis we have
that m′(x1, . . . , xt+n−1) :=
∏t
i=1 x
α(i)
i
∏t+n−1
i=t+1 x
q−1
i ∈ C. Now we have
m′(x1, . . . , xt+n−2, m(xt+n−1, xt+n, . . . , xt+n))
= (
t∏
i=1
x
α(i)
i )(
t+n−2∏
i=t+1
x
q−1
i )x
α(1)·(q−1)
t+n−1 x
(
∑t
i=2 α(i)+(q−1))·(q−1)
t+n ∈ C,
since C is a monomial clone. Hence
∏t
i=1 x
α(i)
i
∏t+n
i=t+1 x
q−1
i ∈ C, since b · (q − 1) =
q − 1 for all b ∈ N. This finishes the induction step. 
Example 2.5. Let D be a monomial clone on F5. If D contains x
2
1x
3
2x
4
3, then we
get by Lemma 2.4 that x21x
3
2x
4
3 · · ·x
4
2+t ∈ D for all t ∈ N0.
Lemma 2.6. Let N, n ∈ N with n ≤ N and let α(1), . . . , α(N) ∈ N. Let
f : {1, . . . , N} → N be injective. If C contains
∏N
i=1 x
α(i)
f(i), then there exists γ ∈ N0
such that C contains x
α(1)
1 · · ·x
α(n)
n x
γ
n+1.
Proof. For all i ∈ {1, . . . , n} we substitute the variable xi for the variable xf(i)
and for all i ∈ {n + 1, . . . , N} we substitute the variable xn+1 for the variable
xf(i). 
Lemma 2.7. Let t ∈ N and let α(1), . . . , α(t) ∈ N. If C contains x1
∏t
i=1 x
α(i)
i+1 ,
then for all n ∈ N we have x1
∏n−1
j=0
∏t
i=1 x
α(i)
j·t+i+1 ∈ C.
Proof. Let m(x1, . . . , xt+1) := x1
∏t
i=1 x
α(i)
i+1 . We proceed by induction on n. The
statement is true for n = 1, since m ∈ C. Let n > 1. By the induction hypothesis,
we have m′(x1, . . . , x(n−1)t+1) := x1
∏n−2
j=0
∏t
i=1 x
α(i)
j·t+i+1 ∈ C. Now we have
m′′(x1, . . . , xn·t+1) := m
′(m(x1, x(n−1)t+1+1, . . . , xn·t+1), x2, . . . , x(n−1)t+1)
= x1
t∏
i=1
x
α(i)
(n−1)t+i+1
n−2∏
j=0
t∏
i=1
x
α(i)
j·t+i+1 = x1
n−1∏
j=0
t∏
i=1
x
α(i)
j·t+i+1,
which lies in C, since C is a monomial clone. This finishes the induction step. 
We will often use Lemma 2.7 in the following context:
Example 2.8. Let k ∈ N with k > 1. If x1 · · ·x1+k ∈ C, then we get by
Lemma 2.7 that for all t ∈ N we have x1 · · ·x1+t·k ∈ C.
Lemma 2.9. If C contains a monomial with two times the exponent 1, then
x1 · · ·xq ∈ C.
Proof. By Lemma 2.6 we have m = x1x2x
α
3 ∈ C for some α ∈ N0. Now we get
by Lemma 2.7 that x1(x2x
α
3 )(x2+2x
α
3+2) · · · (x2+(q−2)2x
α
3+(q−2)2) ∈ C. By renaming
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the variables we get x1x2 · · ·xqxαq+1 · · ·x
α
2(q−1)+1 ∈ C. By identifying the variables
from xq+2 to x2(q−1)+1 with the variable xq+1 we get x1x2 · · ·xqx
(q−1)·α
q+1 ∈ C. The
result follows now from Lemma 2.2. 
Lemma 2.10. We assume that C contains x
α(1)
1 · · ·x
α(n)
n where n ∈ N with n ≥ 2,
gcd(α(1), q − 1) = 1, α(2) ∈ N, α(i) ∈ N0 for i > 2. Then there exists γ ∈ N0
such that x1x
α(2)
2 · · ·x
α(n)
n x
γ
n+1 ∈ C.
Proof. If α(1) = 1 the result is obvious. Now we assume that α(1) 6= 1. Let
m(x1, . . . xn) := x
α(1)
1 · · ·x
α(n)
n ∈ C. We show by induction that for all t ∈ N,
there is a γ ∈ N0 such that x
α(1)t
1 x
α(2)
2 · · ·x
α(n)
n x
γ
n+1 ∈ C. For t = 1, we have
m ∈ C. Let t > 1. By the induction hypothesis, we have m′(x1, . . . , xn+1) =
x
α(1)(t−1)
1 x
α(2)
2 · · ·x
α(n)
n x
γ
n+1 ∈ C for some γ ∈ C. Now we get
m′′(x1, . . . , xn+1) := m(m
′(x1, xn+1 . . . , xn+1), x2, . . . , xn+1)
= x
α(1)t
1 x
α(2)
2 · · ·x
α(n)
n x
γ′
n+1 ∈ C,
where γ′ = γ + α(1) ·
∑n
i=2 α(i) + α(1)γ. This concludes the induction step.
Since gcd(α(1), q − 1) = 1, there is a t ∈ N such that α(1)t = 1, and thus
x1x
α(2)
2 · · ·x
α(n)
n x
γ′
n+1 ∈ C for some γ
′ ∈ N0. 
Lemma 2.11. Let n ∈ N with n ≥ 2 and let α(1), . . . , α(n) ∈ N with gcd(α(1), q−
1) = gcd(α(2), q − 1) = 1. If C contains xα(1)1 x
α(2)
2 · · ·x
α(n)
n , then x1 · · ·xq ∈ C.
Proof. By Lemma 2.10 and Lemma 2.6 we get x1x
α(2)
2 x
γ
3 ∈ C for some γ ∈
N0. Since C is a monomial clone, we have x
α(2)
1 x2x
γ
3 ∈ C and thus we get by
Lemma 2.10 that x1x2x
δ
3 ∈ C for some δ ∈ N0. The result follows now from
Lemma 2.9. 
Lemma 2.12. Let k ∈ N and let α ∈ {1, . . . , q}. We assume that x1 · · ·xk ∈ C
and xα1 ∈ C. If k > q − α, then x1 · · ·xk−(q−α) ∈ C.
Proof. Let t := q − 1 − α and let m(x1, . . . , xk) := x1 · · ·xk. Since k − (q −
α) > 0, we have that m′(x1, . . . , xk−t+1) := m(x1, . . . , xk−t, xk−t+1, . . . , xk−t+1) =
x1 · · ·xk−txtk−t+1 ∈ C. Since x
α
1 ∈ C, we then get that m
′′(x1, . . . , xk−t+1) :=
m′(x1, . . . , xk−t−1, x
α
k−t, xk−t+1) = x1 · · ·xk−t−1x
α
k−tx
t
k−t+1 ∈ C. Finally, we have
m′′(x1, . . . , xk−t−1, xk−t−1, xk−t−1) = x1 · · ·x
1+t+α
k−t−1 ∈ C. Then x1 · · ·xk−(q−α) ∈ C,
since 1 + t+ α = 1 and 1 + t = q − α, and thus k − t− 1 = k − (q − α). 
As a special case we get the following lemma:
Lemma 2.13. We assume that C contains x1 · · ·xq. Let α ∈ {1, . . . , q} such
that xα1 ∈ C. Then x1 · · ·xα ∈ C.
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Proof. By Lemma 2.12 we have x1 · · ·xq−(q−α) = x1 · · ·xα ∈ C. 
Lemma 2.14. 〈{x1 · · ·xq}〉 contains all idempotent monomials over Fq.
Proof. We have x1 · · ·xq = x1
∏q−1
i=1 xi+1. By Lemma 2.7 we have for each n ∈ N
that
x1 · · ·xqxq+1 · · ·xq+n(q−1) ∈ 〈{x1 · · ·xq}〉,
and thus we can generate all monomials with total degree 1 modulo q − 1 by
identifying variables. Hence, 〈{x1 · · ·xq}〉 contains all idempotent monomials
over Fq. 
More generally:
Lemma 2.15. Let k ∈ N \ {1}. Then 〈{x1 · · ·xk}〉 contains all monomials
x
α(1)
1 · · ·x
α(n)
n with
∑n
i=1 α(i) ≡gcd(k−1,q−1) 1.
Proof. By Lemma 2.11 we have x1 · · ·xq ∈ 〈{x1 · · ·xk}〉. By identifying the vari-
ables x3, . . . , xk with x2 of the monomial x1 · · ·xk we get that x1x
k−1
2 ∈ C. By
Lemma 2.7 and by identifying variables we have for all t ∈ N that x1x
t(k−1)
2 ∈ C.
There are t1, t2 ∈ Z such that t1 ·k+t2 ·(q−1) = gcd(k−1, q−1), and thus there is
a t′ ∈ N such that t′ · (k − 1) = gcd(k−1, q−1). This means that x1x
gcd(k−1,q−1)
2 ∈
C, and by identifying variables we get x
1+gcd(k−1,q−1)
1 ∈ C. Since x1 · · ·xq ∈ C
and x
1+gcd(k−1,q−1)
1 ∈ C we get by Lemma 2.13 that x1 · · ·x1+gcd(k−1,q−1) ∈ C. By
Lemma 2.7 we get now for all n ∈ N that x1 · · ·x1+n·gcd(k−1,q−1) ∈ C. Hence, we
can generate all monomials where the sum of the exponents is congruent to 1
modulo gcd(k − 1, q − 1) by identifying variables. 
3. The whole lattice of monomial clones if q − 1 is prime
We start our investigation on the lattice of monomial clones for the cases F2
and F3. The following Proposition slightly generalizes the result of [9] and [7,
Corollary 3.7] for F3 where the lattice of monomial clones which are generated
by a single monomial is given. In the case of F2 these two lattices are equal and
in the case of F3 the difference of the number of members of these two lattices is
one, which means, there is exactly one monomial clone on F3 that is not single
generated.
Proposition 3.1. The lattices of monomial clones on F2 and F3 are given in
Figure 1.
Proof. Let C be a monomial clone on F2. All functions on F2 can be induced by
polynomials with only 0 and 1 as exponents. There is only one unary function
that is induced by a monomial on F2, that is the function induced by x1. If C
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〈{x1x2}〉
〈{x1}〉
(A) Lattice of monomial clones on
F2
〈{x1x2}〉
〈{x1x2x3}〉 〈{x21, x1x
2
2}〉
〈{x1x22}〉
〈{x21x
2
2}〉
〈{x21}〉
〈{x1}〉
(B) Lattice of monomial clones on
F3
Figure 1. Monomial Clones on F2 and F3
contains a monomial with width t ∈ N with t > 1, then C contains x1 . . . xt. The
result follows now from Lemma 2.4.
Let us now determine the monomial clones on F3: C1 = 〈{x1}〉 is the smallest
monomial clone. C2 = 〈{x21}〉 contains all monomials of width 1, and thus C1 ⊂
C2 and there are no other monomial clones between C1 and C2, since a ∈ {0, 1, 2}
for all a ∈ N0. Let C3 := 〈{x21x
2
2}〉. By Lemma 2.2 and the fact that C2 only
contains monomials of width 1 we have C2 ⊂ C3. By Lemma 2.4 we have that
C3 contains all monomials x
2
1 · · ·x
2
n with n ∈ N. By Lemma 2.4 every monomial
in C3 of width greater 1 generates C3, and therefore there are no other monomial
clones between C2 and C3. Now let C be a monomial clone which contains
a monomial that does not lie in 〈{x1}〉 but contains 1 as exponent. Then C
contains m = x1
∏n
i=2 x
α(i)
i for n ≥ 2 and α(2), . . . , α(n) ∈ {1, 2}. First, we
assume that 1 + |{j ∈ {2, . . . , n} | α(j) = 1}| is even. Then by Lemma 2.2,
C contains the monomial x1x2 and thus all monomials. Now we assume that
1+ |{j ∈ {2, . . . , n} | α(j) = 1}| is odd and C does not contain a monomial with
an even number of 1’s as exponent. If 1 + |{j ∈ {2, . . . , n} | α(j) = 1}| = 1, we
have m = x1
∏n
i=2 x
2
i . By Lemma 2.2 we have x1x
2
2 ∈ C and by Lemma 2.4 we
have m ∈ 〈{x1x22}〉. We see that 〈{x1x
2
2}〉 contains all monomials with exactly
one exponent with 1 and thus x21 6∈ 〈{x1x
2
2}〉. If x
2
1 ∈ C, we get x
2
1x
2
2 ∈ C
by plugging x21 into x1 of x1x
2
2. If x
2
1 · · ·x
2
n′ ∈ C for some n
′ ≥ 2 we get by
Lemma 2.2 that x21 ∈ C and thus there are no monomial clones between 〈{x1x
2
2}〉
and 〈{x21, x1x
2
2}〉, and also not between 〈{x
2
1x
2
2}〉 and 〈{x
2
1, x1x
2
2}〉. Now we assume
1 + |{j ∈ {2, . . . , n} | α(j) = 1}| > 1. Then by Lemma 2.2 C contains the
monomial x1x2x3. We see that x1x2x3 does not generate x
2
1, since all monomials
of 〈{x1x2x3}〉 contain an odd number of variables with exponent 1. We also
have 〈{x1x22}〉 ⊂ 〈{x1x2x3}〉, since all monomials of 〈{x1x
2
2}〉 contain exactly
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one exponent with 1. If C contains x1x2x3 and x
2
1, then C contains x1x2x
2
3 and
Lemma 2.2 yields x1x2 ∈ C. This finishes the proof. 
The next theorem describes the lattice of monomial clones on Fq if q > 3 and
q − 1 is prime.
Theorem 3.2. Let q > 3 be a prime power such that q − 1 is prime. Then the
lattice of monomial clones is given in Figure 2.
〈{x1x2}〉
〈{x1}〉
〈{x1x
q−1
2 }〉 〈{x
2
1}〉 〈{x
q−1
1 }〉
〈{x21x
q−1
2 }〉 〈{x
2
1, x
q−1
1 }〉
〈{x1 · · ·xq}〉
〈{xq−11 x
q−1
2 }〉
〈{x1x
q−1
2 , x
q−1
1 x
q−1
2 }〉 〈{x
2
1, x
q−1
1 x
q−1
2 }〉
〈{x21x
q−1
2 , x
q−1
1 x
q−1
2 }〉
Figure 2. Lattice of monomial clones on Fq where q − 1 is prime
Proof. Let C be a monomial clone on Fq. We first note that if C contains a
monomial xaj with 1 < a < q − 1 for some j ∈ N, then C contains all monomials
xbi for all b ∈ {1, . . . , q − 2} and for all i ∈ N, since q − 1 is prime and thus a is
a generator for the group (Zq−1 \ {0}, ·). If C contains x1x2, then C contains all
monomials. First, we show that 〈{x1 · · ·xq}〉 and 〈{x1x2}〉 are different and that
these two monomial clones are the only monomial clones that contain a monomial
which contain two exponents different from 0 modulo q−1. To this end, we assume
that C contains a monomial m = x
α(1)
1 x
α(2)
2 · · ·x
α(n)
n where n ∈ N \ {1} and at
least 2 exponents are not equal to 0 modulo q − 1. We assume that α(1) 6≡q−1 0
and α(2) 6≡q−1 0. Since q − 1 is prime, Lemma 2.11 yields x1 · · ·xq ∈ C, since
gcd(α(1), q − 1) = 1 and gcd(α(2), q − 1) = 1. By Lemma 2.14 C contains all
idempotent monomials. Now we assume that x1 · · ·xq ∈ C and C contains a
monomial m′ which is not idempotent. By identifying all variables of m′ with x1,
we get that there exists α ∈ N \ {1} such that C contains xα1 . If α = q − 1, we
have x1 · · ·xq, x
q−1
1 ∈ C and thus x1x2x
q−1
3 · · ·x
q−1
n ∈ C. Now Lemma 2.2 yields
x1x2 ∈ C. If α 6= q−1, then C contains x
β
1 for all β ∈ {1, 2, . . . , q−2}, since q−1
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is prime. This means that C contains x21 and thus Lemma 2.13 yields x1x2 ∈ C.
If C contains only idempotent monomials, then C = 〈{x1 · · ·xq}〉. Since the
composition of idempotent monomials is again idempotent, we get x1x2 6∈ C,
since q > 2. By the previous analysis we have, if C contains a monomial which
is not idempotent and it contains two exponents which are not 0 modulo q − 1,
then C contains x1x2.
Now we assume that all monomials of C contain at most one exponent which
is not equal to 0 modulo q − 1. By Lemma 2.2 and Lemma 2.4 and by the
fact that every a ∈ N with 1 < a < q − 1 is a generator for (Zq−1 \ {0}, ·), we
can restrict to the following monomials as possible generators for C: x21, x
q−1
1 ,
x1x
q−1
2 , x
2
1x
q−1
2 , and x
q−1
1 x
q−1
2 . These monomials induce different functions, since
q > 3. Now we want to find all monomial clones which we get by different
combinations of these generators. We start with different combinations with
x
q−1
1 x
q−1
2 . We have that x
2
1 ∈ 〈{x
2
1x
q−1
2 }〉, x
q−1
1 ∈ 〈{x
q−1
1 x
q−1
2 }〉 and x1x
q−1
2 ∈
〈{x21x
q−1
2 }〉. Hence, the monomial clones above 〈{x
q−1
1 x
q−1
2 }〉 and under 〈{x1x2}〉
are given by 〈{x1x
q−1
2 , x
q−1
1 x
q−1
2 }〉, 〈{x
2
1, x
q−1
1 x
q−1
2 }〉, and 〈{x
2
1x
q−1
2 , x
q−1
1 x
q−1
2 }〉.
These monomial clones are different, since x21 6∈ 〈{x1x
q−1
2 , x
q−1
1 x
q−1
2 }〉, x1x
q−1
2 6∈
〈{x21, x
q−1
1 x
q−1
2 }〉 and thus also both monomial clones are strictly contained in
〈{x21x
q−1
2 , x
q−1
1 x
q−1
2 }〉. Then the combinations of the generators x
2
1, x
q−1
1 , x1x
q−1
2 ,
x21x
q−1
2 are left. Now we try to find different monomial clones if x
2
1x
q−1
2 is a gen-
erator. We have x21 ∈ 〈{x
2
1x
q−1
2 }〉, x1x
q−1
2 ∈ 〈{x
2
1x
q−1
2 }〉, and if x
q−1
1 and x
2
1x
q−1
2
lie in C, then xq−11 x
q−1
2 ∈ C. Hence, we just get the monomial clone 〈{x
2
1x
q−1
2 }〉
as new one. Now the combinations of the generators x21, x
q−1
1 , x1x
q−1
2 are left. If
x
q−1
1 ∈ C and x1x
q−1
2 ∈ C, then x
q−1
1 x
q−1
2 ∈ C, and if x
2
1 ∈ C and x1x
q−1
2 ∈ C,
then x21x
q−1
2 ∈ C. Hence, we only get the monomial clones 〈{x1x
q−1
2 }〉, 〈{x
2
1}〉,
〈{xq−11 }〉 and 〈{x
2
1, x
q−1
1 }〉 which we have not found yet. The smallest monomial
clone is given by 〈{x1}〉. Altogether we have found 12 different monomial clones
which are ordered as given in Figure 2. 
4. Connection to semi-affine algebras
In this section we give a connection of monomial clones to semi-affine al-
gebras. First, we recall the definition of a semi-affine algebra (cf. [16]). Let
A = (A,+,−, 0) be an abelian group. Let n ∈ N0 and let f be an n-ary opera-
tion on A. We call f affine with respect to A if f(u+′v)+f(0, . . . , 0) = f(u)+f(v)
for all u, v ∈ An, where +′ is the componentwise addition. We call then an al-
gebra B = (A, F ) semi-affine with respect to A if every f ∈ F is affine with
respect to A. Furthermore, we say that f is 0-preserving if f(0, . . . , 0) = 0. Let
F ⊆
⋃
{AA
i
| i ∈ N}. We call the algebra (A, F ) 0-preserving if all term func-
tions of (A, F ) are 0-preserving. Let C be a clone on A. We call C 0-preserving
semi-affine with respect to A if (A,C) is a 0-preserving and semi-affine algebra
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with respect to A. For a ∈ N0, we write [a] ∈ Zq−1 for the equivalence class of
a modulo q − 1. Let q be a prime power and let G be a set of monomials. Then
we define
ϕ(G) := {f : Znq−1 → Zq−1, (y1, . . . , yn) 7→
n∑
i=1
[r(i)]yi | n ∈ N,
n∏
i=1
x
r(i)
i ∈ G}.
If G is a monomial clone on Fq, then the set ϕ(G) is a 0-preserving semi-affine
clone with respect to (Zq−1,+,−, 0). Note that for all C,D ∈ Mq with C ⊆ D
we have ϕ(C) ⊆ ϕ(D). On the other hand we have that the monomial clones
ϕ(〈{xq−11 }〉) and ϕ(〈{x
q−1
1 x
q−1
2 }〉) are both equal to the clone on Zq−1 that is
generated by {0}, but 〈{xq−11 }〉 ⊂ 〈{x
q−1
1 x
q−1
2 }〉. Let F be a set of finitary op-
erations on Zq−1. We denote the clone generated by F by Clo(Zq−1, F ). Let us
consider the difference of monomial clones and semi-affine algebras with respect
to (Zq−1,+,−, 0) in the example q = 3. Let f0 : Z2 → Z2, x 7→ x, f1 : Z2 →
Z2, x 7→ 0, f2 : Z32 → Z2, (x, y, z) 7→ x + y + z, and f3 : Z
2
2 → Z2, (x, y) 7→ x + y.
Then the lattice of 0-preserving semi-affine algebras with respect to (Z2,+,−, 0)
is given by Figure 3.
Clo(Z2, {f0})
Clo(Z2, {f2}) Clo(Z2, {f1})
Clo(Z2, {f3})
Figure 3. Lattice of 0-preserving semi-affine clones with respect
to (Z2,+,−, 0)
In Propositon 3.1 we find the lattice of monomial clones on F3 and see that
|M3| = 7. If q > 3 and q − 1 is prime we have given the lattice of monomial
clones in Theorem 3.2. From this lattice we can easily derive the lattice of
0-preserving semi-affine clones with respect to (Zq−1,+,−, 0) given in Figure
4. For this figure, we use g0 : Zq−1 → Zq−1, x 7→ x, g1 : Zq−1 → Zq−1, x 7→ 0,
g2 : Zq−1 → Zq−1, x 7→ 2x, g3 : Z
q
q−1 → Zq−1, (x1, . . . , xq) 7→
∑q
i=1 xi, and let
g4 : Z
2
q−1 → Zq−1, (x, y) 7→ x+ y.
We observe that the proof of Theorem 3.2 does not depend on the fact that
q is a prime power. Hence, the lattice given in Figure 4 describes the lattice of
0-preserving semi-affine clones with respect to (Zn,+,−, 0) where n is an odd
prime.
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Clo(Z2, {g0})
Clo(Z2, {g3})
Clo(Z2, {g1}) Clo(Z2, {g2})
Clo(Z2, {g1, g2})
Clo(Z2, {g4})
Figure 4. Lattice of 0-preserving semi-affine clones with respect
to (Zq−1,+,−, 0), where q − 1 is prime
We will give a connection between monomial clones on Fq and 0-preserving
semi-affine algebras with respect to (Zq−1,+,−, 0) via ϕ in Proposition 4.3, which
we use in Section 6 and Section 7.
Lemma 4.1. Let q be a prime power such that q−1 is square-free, let n ∈ N0 and
let d, α(1), . . . , α(n) ∈ N . Let C be a monomial clone on Fq. If xd1x
d
2
∏n
i=1 x
α(i)
2+i ∈
C, then xd1x
d
2(
∏n
i=1 x
α(i)
2+i )x
q−1
3+n ∈ C.
Proof. Let m(x1, . . . , xn+2) := x
d
1x
d
2
∏n
i=1 x
α(i)
2+i . We show by induction that for all
k ∈ N, we have
mk = (
k∏
j=1
xd
j
j )x
dk
k+1(
k∏
j=1
n∏
i=1
x
dk−j ·α(i)
(j−1)n+i+k+1) ∈ C.
For k = 1, we have m1 = m ∈ C. Now we assume that k > 1 and the induction
hypothesis holds for k − 1. This means
mk−1(x1, . . . , x(n+1)(k−1)+1) = (
k−1∏
j=1
xd
j
j )x
dk−1
k (
k−1∏
j=1
n∏
i=1
x
dk−1−j ·α(i)
(j−1)n+i+k) ∈ C.
By composition of monomials we obtain
m(x1,mk−1(x2, . . . , x(n+1)(k−1)+2), x(n+1)(k−1)+3, . . . , x(n+1)k+1)
= xd1
(
(
k−1∏
j=1
xd
j
j+1)x
dk−1
k+1 (
k−1∏
j=1
n∏
i=1
x
dk−1−j ·α(i)
(j−1)n+i+k+1)
)d
(
n∏
i=1
x
α(i)
(n+1)(k−1)+i+2)
= xd1(
k−1∏
j=1
xd
j+1
j+1 )x
dk
k+1(
k−1∏
j=1
n∏
i=1
x
dk−j ·α(i)
(j−1)n+i+k+1)(
n∏
i=1
x
α(i)
(k−1)n+i+k+1)
= (
k∏
j=1
xd
j
j )x
dk
k+1(
k∏
j=1
n∏
i=1
x
dk−j ·α(i)
(j−1)n+i+k+1) ∈ C,
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which concludes the induction step. We denote by φ the Euler’s totient function.
Let d′ := gcd(d, q − 1) and let d′′ := q−1
d′
. Let k′ := φ(d′′) · (q − 1) + 1.
Case 1. We assume n > 0: Now we set x1, . . . , xk′, to x1 and xk′+1 to x2. Now
we set the last n variables. To this end, the xi with i > (k
′ − 1)n + k′ + 1 are
set by x(k′−1)n+k′+1+l := x2+l for all l ∈ {1, . . . , n}. For those i with k′ + 1 < i ≤
(k′ − 1)n+ k′ + 1, we set xi := x3+n. Hence, we get
m′ = x
∑k′
j=1 d
j
1 x
dk
′
2 x
∑k′−1
j=1
∑n
i=1 d
k′−j ·α(i)
3+n
n∏
i=1
x
α(i)
2+i ∈ C.
Since q − 1 is square-free, we have gcd(d, q−1
d′
) = 1, and thus dφ(d
′′) ≡d′′ 1, since
d′′ = q−1
d′
. Hence dφ(d
′′)+1 ≡q−1 d, and thus if k, l ∈ N with k ≡φ(d′′) l, then d
k ≡q−1
dl. Therefore we have dk′ = dφ(d′′)·(q−1)+1 = d,
∑k′
j=1 d
j =
∑φ(d′′)·(q−1)+1
j=1 d
j =∑φ(d′′)·(q−1)
j=1 d
j + d = (q − 1)
∑φ(d′′)
j=1 d
j + d = d, and
k′−1∑
j=1
n∑
i=1
dk
′−j · α(i) =
φ(d′′)·(q−1)∑
j=1
n∑
i=1
dφ(d
′′)·(q−1)+1−j · α(i)
=
n∑
i=1
(q − 1)
φ(d′′)∑
j=1
d1+φ(d
′′)−j · α(i)
= (q − 1)
n∑
i=1
φ(d′′)∑
j=1
d1+φ(d
′′)−j · α(i)
= q − 1.
Hence we have xd1x
d
2(
∏n
i=1 x
α(i)
2+i )x
q−1
3+n ∈ C, and thus the statement is true for
n > 0.
Case 2. We assume that n = 0: Now we set x1, . . . , xk′−1 to x3, xk′ to x1, and
xk′+1 to x2. Then x
dk
′
1 x
dk
′
2 x
a
3 ∈ C where a =
∑k′−1
i=1 d
i. Similar as in Case 1, we
have dk′ = d and a =
∑k′−1
i=1 d
i =
∑φ(d′′)·(q−1)
i=1 d
i = (q − 1)
∑φ(d′′)
i=1 d
i = q − 1, and
thus the result holds.

Lemma 4.2. Let q be a prime power such that q−1 is square-free. Let C be a 0-
preserving semi-affine clone with respect to (Zq−1,+,−, 0) and let G,G′ ∈Mq with
ϕ(G) = ϕ(G′) = C and G ⊂ G′. Then G ∩ Fq[x1, . . . , xq] ⊂ G′ ∩ Fq[x1, . . . , xq].
Proof. Since ϕ(G) = ϕ(G′) = C and G ⊂ G′, we see by Lemma 2.4 that there
is an m =
∏n
i=1 x
α(i)
i ∈ G such that m
′ =
∏n
i=1 x
α(i)
i x
q−1
n+1 ∈ G
′ \ G. We assume
that α(1), . . . , α(n) ∈ {1, . . . , q − 1}. If m has width n greater than q − 1, then
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there occurs an exponent at least two times. By permuting variables we get by
Lemma 4.1 that m′ ∈ G which is a contradiction. Hence m′ ∈ G∩ Fq[x1, . . . , xq],
but m′ 6∈ G′ ∩ Fq[x1, . . . , xq]. 
Proposition 4.3. Let q be a prime power. Then ϕ is a surjective map from the
monomial clones on Fq to the set of 0-preserving semi-affine clones with respect
to (Zq−1,+,−, 0). Furthermore the following hold: Let C be a 0-preserving semi-
affine clone with respect to (Zq−1,+,−, 0).
(1) If C = Clo(Zq−1, {}), then {G ∈Mq | ϕ(G) = C} = {〈{x1}〉, 〈{x1x
q−1
2 }〉}.
(2) If for all G ∈ Mq with ϕ(G) = C we have x1x
q−1
2 ∈ G, then we have that
|{G ∈Mq | ϕ(G) = C}| = 1.
(3) If q − 1 is square-free, then |{G ∈Mq | ϕ(G) = C}| is finite.
Proof. Let C be a 0-preserving semi-affine clone with respect to (Zq−1,+,−, 0).
Now we define
G′ := {
n∏
i=1
x
r(i)
i | ((y1, . . . , yn) 7→
n∑
i=1
[r(i)]yi) ∈ C, ∃i ≤ n : r(i) 6= 0}.
The condition (∃i ≤ n : r(i) 6= 0) is required to exclude x01 = 1 as a monomial in
G′.
First, we show that ϕ is surjective. We have that C is a 0-preserving semi-
affine clone with respect to (Zq−1,+,−, 0). Therefore we see that 〈{x1}〉 ⊆ G′,
G′ is closed under composition of monomials, and G′ is closed under equivalent
monomials. Hence, G′ is a monomial clone on Fq. Furthermore, we have ϕ(G
′) =
C and G′ is the largest G ∈ Mq such that ϕ(G) = C.
Now we show the second part of the statement and start with Item (1). If
C = Clo(Zq−1, {}), then C is the clone of projections. Then we see by Lemma 2.4
that {G ∈ Mq | ϕ(G) = C} = {〈{x1}〉, 〈{x1x
q−1
2 }〉}. For Item (2) we observe the
following: Let G ∈ Mq with ϕ(G) = C. Now let m =
∏n
i=1 x
α(i)
i ∈ G. Since
m′ = x1x
q−1
2 ∈ G we get m
′(m, xn+1) = (
∏n
i=1 x
α(i)
i )x
q−1
n+1 ∈ G. Now we see by
Lemma 2.4 and by identifying variables that G = G′. Item (3) follows from
Lemma 4.2, since there are only finitely many different monomial clones on Fq
generated by monomials of width less or equal than q. 
Let q be a prime power. Concluding this section, we note that the investigation
of the lattice of monomial clones on Fq is equivalent to the problem of finding
the subclones of the clone of the algebra (Fq, ·), which is isomorphic to (Zq−1 ∪
{−∞},+), where we extend the operation + on Zq−1 by (−∞)+b = b+(−∞) =
−∞ for all b ∈ Zq−1.
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5. The top and the bottom of the lattice of monomial clones
Let q > 2 be a prime power. From [8] we know that the lattice of monomial
clones where the clones are generated by one single binary monomial x1x
b
2 is
isomorphic to the divisor lattice of q − 1. We already see in Figure 1B for
q = 3 that the set {〈{x1xb2}〉 | b divides q − 1} is not equal to the interval
[〈{x1x22}〉, 〈{x1x2}〉] in the lattice of monomial clones on Fq. In this section we
consider the top and the bottom of the lattice of monomial clones on Fq for any
prime power q > 2. We start to describe the atoms of the lattice and then we
continue with the coatoms.
5.1. Atoms. Investigations on the atoms of the lattice of monomial clones gen-
erated by a unary function can be found in [8]. We will use one of their results.
Lemma 5.1. Let q be a prime power and let C 6= 〈{x1}〉 be an idempotent
monomial clone on Fq. Then C contains x1x
q−1
2 .
Proof. Since C 6= 〈{x1}〉, we have that there is an n ∈ N with n ≥ 2, and there are
α(1), . . . , α(n) ∈ N such that m =
∏n
i=1 x
α(i)
i ∈ C. Now we identify all variables
xi where i ≥ 3 with x2 and get x
α(1)
1 x
∑n
i=2 α(i)
2 ∈ C. Since m is idempotent we
have α(1) +
∑n
i=2 α(i) ≡q−1 1, and thus C contains the monomial x
α(1)
1 x
q−α(1)
2 .
By [5, Theorem 2.4] we now get x1x
q−1
2 ∈ 〈{x
α(1)
1 x
q−α(1)
2 }〉. 
Corollary 5.2. Let q be a prime power. Then the atoms of the lattice of mono-
mial clones on Fq are given by 〈{x1x
q−1
2 }〉 and 〈{x
s
1}〉 where s ≤ q − 1 and
sP ≡q−1 1 for some prime P or s · s ≡q−1 s.
Proof. Let C 6= 〈{x1}〉 be a monomial clone. If C contains an idempotent mono-
mial which is not xj for some j ∈ N, we get by Lemma 5.1 that x1x
q−1
2 ∈ C.
Now we have that 〈{x1x
q−1
2 }〉 is an atom. If C contains a monomial which is not
idempotent, then C contains a monomial xtj for some j, t ∈ N with 2 ≤ t ≤ q− 1.
The result follows now from [8, Lemma 3.1]. 
5.2. Coatoms.
Lemma 5.3. Let q be a prime power and let C be a monomial clone on Fq. Let
k, l ∈ N. Then x1 · · ·x1+k ∈ C and x1 · · ·x1+l ∈ C if and only if x1 · · ·x1+gcd(k,l) ∈
C.
Proof. By Lemma 2.7 we have x1 · · ·x1+t·gcd(k,l) for all t ∈ N, and thus the “if”-
direction holds. Now we prove the “only if”-direction. Let k′ := gcd(k, q−1) and
l′ := gcd(l, q− 1). By Lemma 2.15 and by Lemma 2.7 we have for all t1, t2 ∈ N0,
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that m1t1 := x1 · · ·x1+t1·k′ and m
2
t2
:= x1 · · ·x1+t2·l′ lie in C. Let t1, t2 ∈ N0 with
t1 > 0 or t2 > 0. Then
m1t1(x1, . . . , xt1·k′, m
2
t2
(x1+t1·k′, . . . , x1+t1·k′+t2·l′)) = x1 · · ·x1+t1·k′+t2·l′ ∈ C.
We proceed similar as in Lemma 2.15. By identifying variables we get that the
monomial x1x
t1·k′+t2·l′
2 lies in C. There are u1, u2, u3 ∈ Z such that u1 ·k
′+u2 · l′+
u3 · (q− 1) = gcd(k, l, q− 1), since k
′ = gcd(k, q− 1) and l′ = gcd(l, q− 1). Hence
there are t′1, t
′
2 ∈ N such that t
′
1 · k
′ + t′2 · l
′ = gcd(k, l, q − 1). This means that
x1x
gcd(k,l,q−1)
2 ∈ C, and by identifying variables we get x
1+gcd(k,l,q−1)
1 ∈ C. We have
x1 · · ·xk ∈ C and thus we get by Lemma 2.11 that x1 · · ·xq ∈ C. Since x1 · · ·xq ∈
C and x
1+gcd(k,l,q−1)
1 ∈ C we get by Lemma 2.13 that x1 · · ·x1+gcd(k,l,q−1) ∈ C. By
Lemma 2.7 we get now for all t ∈ N that x1 · · ·x1+t·gcd(k,l,q−1) ∈ C, and thus we
have x1 · · ·x1+gcd(k,l) ∈ C. 
Theorem 5.4 shows that the lattice between 〈{x1 · · ·xq}〉 and 〈{x1x2}〉 is iso-
morphic to the divisor lattice of q− 1. We denote ([〈{x1 · · ·xq}〉, 〈{x1x2}〉],∨,∩)
by X (q) and the divisor lattice of q − 1 by D(q − 1).
Theorem 5.4. Let q be a prime power, and let C : D(q − 1) → X (q), C(a) :=
〈{x1 · · ·xa+1}〉. Let a, b ∈ D(q − 1). Then b | a if and only if C(a) ⊆ C(b).
Furthermore, C is surjective, and thus C is a lattice isomorphism from D(q − 1)
to X (q).
Proof. If b | a, there exists t ≤ q − 1 such that t · b = a. Then we get by
Lemma 2.7, that x1 · · ·x1+a = x1 · · ·x1+t·b ∈ C(b), and thus C(a) ⊆ C(b). Now
we assume C(a) ⊆ C(b). By Lemma 2.15 we have that 〈{x1 · · ·x1+b}〉 contains all
monomials where the sum of exponents is equal to 1 modulo b. By Lemma 2.1
these monomials form a monomial clone and thus b is the smallest natural number
k ∈ N such that x1 · · ·x1+k ∈ C(b). By Lemma 5.3 we get x1 · · ·x1+gcd(a,b) ∈ C(b).
Since b is the smallest element k ∈ N such that x1 · · ·x1+k ∈ C(b), we have
gcd(a, b) = b, and thus b | a. Hence C is an order embedding.
To prove surjectivity, we show the following: If C is a monomial clone on Fq that
contains x1 · · ·xq, then there exists an a ∈ N with a | q − 1 such that C = C(a).
First, we show that for all monomials m there exists an a ∈ N with a | q− 1 such
that 〈{m, x1 · · ·xq}〉 = C(a). Let m = x
α(1)
1 · · ·x
α(n)
n . Then xα1 ∈ 〈{m, x1 · · ·xq}〉
where α = (
∑n
i=1 α(i)) mod (q− 1). If α = 0, then x
q−1
1 ∈ 〈{m, x1 · · ·xq}〉. Since
x
q−1
1 and x1 · · ·xq ∈ C, we have x1x2x
q−1
3 · · ·x
q−1
q ∈ C, and thus Lemma 2.2
yields x1x2 ∈ 〈{m, x1 · · ·xq}〉. Hence, 〈{m, x1 · · ·xq}〉 = 〈{x1x2}〉. Now we
assume that α 6= 0. By Lemma 2.13 we get x1 · · ·xα ∈ 〈{m, x1 · · ·xq}〉 and thus
〈{x1 · · ·xα, x1 · · ·xq}〉 ⊆ 〈{m, x1 · · ·xq}〉. By Lemma 5.3, x1 · · ·x1+gcd(α−1,q−1) ∈
〈{x1 · · ·xα, x1 · · ·xq}〉 ⊆ 〈{m, x1 · · ·xq}〉. On the other hand, it follows from
Lemma 2.15 that m and x1 · · ·xq lie in 〈{x1 · · ·x1+gcd(α−1,q−1)}〉. Hence we have
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〈{m, x1 · · ·xq}〉 = C(gcd(α−1, q−1)). We showed that for all monomials m there
exists an a ∈ N with a | q−1 such that 〈{m, x1 · · ·xq}〉 = C(a). By Lemma 5.3 we
have for all k, l ∈ N that 〈{x1 · · ·x1+k, x1 · · ·x1+l}〉 = 〈{x1 · · ·x1+gcd(k,l)}〉. This
implies that if C is a monomial clone on Fq that contains x1 · · ·xq, then there
exists an a ∈ N with a | q − 1 such that C = C(a). This finishes the proof. 
Lemma 5.5. Let q be a prime power and let C be a monomial clone on Fq. Let
n ∈ N with n ≥ 2, and let α(1), . . . , α(n) ∈ N and let γ ∈ N0. We assume that
m = x
α(1)
1 · · ·x
α(n)
n x
γ
n+1 ∈ C. Then for all t ∈ N there is a k : {1, . . . , t} → N and
there is a γ′ ∈ N0 such that
x
α(1)
1 x
α(2)t+1
2 x
α(3)
3 · · ·x
α(n)
n x
α(1)α(2)k(1)
n+1 x
α(1)α(2)k(2)
n+2 · · ·x
α(1)α(2)k(t)
n+t x
γ′
n+t+1 ∈ C.
Proof. We proceed by induction on t ∈ N. For t = 1, we have
m(x1,m(xn+1, x2, xn+2, . . . , xn+2), x4, . . . , xn, xn+2)
= x
α(1)
1 x
α(2)2
2 x
α(3)
3 · · ·x
α(n)
n x
α(1)α(2)
n+1 x
γ′
n+2 ∈ C,
where γ′ ∈ N. Let t > 1. We assume that the induction hypothesis holds for
t− 1. By the induction hypothesis we have
m′(x1, . . . , xn+t) = x
α(1)
1 x
α(2)t
2 x
α(3)
3 · · ·x
α(n)
n x
β(1)
n+1 · · ·x
β(t−1)
n+t−1x
γ′
n+t ∈ C,
where for all i ≤ t − 1 there is a k(i) ∈ N, such that β(i) = α(1)α(2)k(i), and
γ′ ∈ N0. By composition of monomials we have that
m(x1, m
′(xn+1, x2, xn+t+1, . . . , xn+t+1︸ ︷︷ ︸
n−2
, xn+2, xn+3, . . . , xn+t+1), x3 . . . , xn, xn+t+1)
= x
α(1)
1 x
α(2)t+1
2 x
α(3)
3 · · ·x
α(n)
n x
α(1)α(2)
n+1 x
α(2)β(1)
n+2 · · ·x
α(2)β(t−1)
n+t x
γ′′
n+t+1 ∈ C,
for some γ′′ ∈ N0. This finishes the induction step. 
Lemma 5.6. Let n ∈ N with n > 1, and let α1, . . . , αn, β ∈ N be such that for
all E ⊆ {1, . . . , n} with |E| = n − 1, we have gcd({αi | i ∈ E} ∪ {β}) = 1. Let
k, l ∈ N{1,...,n}×{1...,n}. Then gcd({αk(i,j)i α
l(i,j)
j | i, j ≤ n, i < j} ∪ {β}) = 1.
Proof. By assumption, no prime divisor of β appears in n − 1 of the α(i)’s.
Therefore, every prime factor of β appears in at most n − 2 of the α(i)’s, and
thus does not appear in the other 2. Hence gcd({αk(i,j)i α
l(i,j)
j | i, j ≤ n, i <
j} ∪ {β}) = 1. 
Lemma 5.7. Let q be a prime power and let C be a monomial clone on Fq. Let
n ∈ N with n > 1 and let α(1), . . . , α(n) ∈ N be such that for all E ⊆ {1, . . . , n}
with |E| = n − 1 we have gcd({α(i) | i ∈ E} ∪ {q − 1}) = 1. Let γ ∈ N0. If
x
α(1)
1 · · ·x
α(n)
n x
γ
n+1 ∈ C, then x1 · · ·xq ∈ C.
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Proof. Let m :=
∏n′
i=1 x
β(i)
i be a monomial. We define for all i, j ∈ {1, . . . , n}
with i < j,
E(m, i, j) := {l ∈ N | n < l ≤ n′, ∃e1, e2 ∈ N : β(l) = α(i)
e1α(j)e2}.
Let t ∈ N. We proceed by induction on k ∈ N \ {1} to show that there
exist e ∈ Nn and h =
∏n′
i=1 x
β(i)
i ∈ C with β(1), . . . , β(n
′) ∈ N such that for all
i ∈ {1, . . . , n} we have β(i) = α(i)e(i) and for all i, j ∈ {1, . . . , n} with i < j and
(i− 1) · n+ j ≤ k we have |E(h, i, j)| ≥ t.
We assume that k = 2. Let i′, j′ ∈ {1, . . . , n} be such that (i′ − 1) · n + j′ ≤
k. Then i′ = 1 and j′ = 2, since n > 1 and i′, j′ > 0. Since C contains
x
α(1)
1 · · ·x
α(n)
n x
γ
n+1 we get the desired h by Lemma 5.5.
Now let k > 2. Then there are uniquely determined i′, j′ ∈ {1, . . . , n} such
that (i′ − 1) · n + j′ = k. By the induction hypothesis there exist e′ ∈ Nn and
h′ =
∏n′
i=1 x
β(i)
i ∈ C with β(1), . . . , β(n
′) ∈ N such that for all i ∈ {1, . . . , n} we
have β(i) = α(i)e
′(i) and for all i, j ∈ {1, . . . , n} with i < j and (i−1)·n+j ≤ k−1
we have |E(h′, i, j)| ≥ t. If i′ ≥ j′ we set h := h′. Now we assume that i′ < j′.
We permute the variable x1 with xi′ and the variable x2 with xj′ . Then we get
the desired h by Lemma 5.5 and by permuting back the variable xi′ with x1 and
the variable xj′ with x2.
Hence for each t ∈ N there is an h ∈ C such that for all i, j ∈ {1, . . . , n} with
i < j, we have |E(h, i, j)| ≥ t. Since there are only finitely many equivalence
classes modulo q − 1 and C is closed under equivalent monomials, there is a
u : {1, 2}×{1, . . . , n}×{1, . . . , n} → N such that for all t ∈ N we have that there
is an ht := x
β(t,1)
1 · · ·x
β(t,nt)
nt ∈ C such that for all i, j ∈ {1, . . . , n} with i < j, we
have
|{l ∈ N | l ≤ nt, β(t, l) = α(i)
u(1,i,j)α(j)u(2,i,j)}| ≥ t.
We define g := gcd({α(i)u(1,i,j)α(j)u(2,i,j) | (i, j) ∈ {1, . . . , n}2, i < j}). Let
I ⊆ {1, . . . , n}2 be such that {α(i)u(1,i,j)α(j)u(2,i,j) | (i, j) ∈ {1, . . . , n}2, i < j} =
{α(i)u(1,i,j)α(j)u(2,i,j) | (i, j) ∈ I} and for all (i, j), (i′, j′) ∈ I with (i, j) 6= (i′, j′)
we have α(i)u(1,i,j)α(j)u(2,i,j) 6= α(i′)u(1,i
′,j′)α(j′)u(2,i
′,j′). Let t˜ : I → N be such that∑
(i,j)∈I
t˜(i, j)α(i)u(1,i,j)α(j)u(2,i,j) = gcd(g, q − 1).
Now let t′ := 2 · max({t˜(i, j) | (i, j) ∈ I}). Then ht′ = x
β(t′,1)
1 · · ·x
β(t′,nt′)
nt′ ∈ C.
Since t′ = 2 · max({t˜(i, j) | (i, j) ∈ I}) there are two functions X and X ′ from
I to the finite subsets of {xl | l ∈ N} such that for all (i, j) ∈ I we have
{α(i)u(1,i,j)α(j)u(2,i,j)} = {β(t′, l) | l ∈ N, xl ∈ X(i, j)} = {β(t′, l) | l ∈ N, xl ∈
X ′(i, j)}, |X(i, j)| = |X ′(i, j)| = t˜(i, j) and X(i, j)∩X ′(i, j) = ∅. For all (i, j) ∈ I
we set the variables of X(i, j) to x1, and we set the variables of X
′(i, j) to x2.
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All other variables of ht′ with exponent not equal to zero are set to x3. Now we
have xS1x
S
2x
γ
3 ∈ C, where γ ∈ N0 and
S :=
∑
(i,j)∈I
t˜(i, j)α(i)u(1,i,j)α(j)u(2,i,j).
Hence x
gcd(g,q−1)
1 x
gcd(g,q−1)
2 x
γ
3 ∈ C. Since for all E ⊆ {1, . . . , n} with |E| = n−1 we
have gcd({α(i) | i ∈ E}∪{q−1}) = 1, we get by Lemma 5.6 that gcd(g, q−1) = 1,
and thus x1x2x
γ
3 ∈ C. Now Lemma 2.9 yields that x1 · · ·xq lies in C. 
Let q > 2 be a prime power, let l ∈ N and let P1 < . . . < Pl be the primes
that divide q − 1. Let D ⊆ {1, . . . , l} be nonempty. Now we define for D the
monomial clone Sq(D) by 〈{xt1, x
Pi
1 · · ·x
Pi
n , x1x
T
2 | n, t ∈ N, i ∈ D}〉, where T is an
abbreviation of
∏
t∈D Pt.
Lemma 5.8. Let q > 2 be a prime power, let l ∈ N and let P1 < . . . < Pl be the
primes that divide q − 1. Let D ⊆ {1, . . . , l} be nonempty. Then xα(1)1 · · ·x
α(n)
n ∈
Sq(D) if and only if there exists i ∈ D such that for all j ≤ n we have that Pi
divides α(j), or |{i ∈ N | i ≤ n,
∏
t∈D Pt does not divide α(i)}| ≤ 1.
Proof. Let T :=
∏
t∈D Pt. Now we define
C := {
n∏
i=1
x
α(i)
i |n ∈ N, ∃j ≤ n : α(j) 6= 0, (∃i ∈ D∀j ≤ n : α(j) ≡Pi 0)∨
(∃j ≤ n∀i ∈ {1, . . . , n} \ {j} : α(i) ≡T 0)}.
We show that
(Claim 1) C is a monomial clone on Fq.
We easily see that 〈{x1}〉 ⊆ C, and C is closed under equivalent monomials, since
for all i ≤ l, Pi divides q − 1. Now we show that C is closed under composition
of monomials. Let m =
∏n
i=1 x
α(i)
i ∈ C and let m1, . . . , mn ∈ C. Now we show
that m′ := m(m1, . . . , mn) lies in C. Now let n
′ ∈ N and let β(1), . . . , β(n′) ∈ N0
be such that
∏n′
i=1 x
β(i)
i = m
′.
Case 1: There exists an i ∈ D such that for all j ≤ n we have α(j) ≡Pi 0:
Then we see that for for all j ≤ n′ we have β(j) ≡Pi 0, and thus m
′ ∈ C.
Case 2: There exists j ≤ n such that for all i ∈ {1, . . . , n} \ {j} we have
α(i) ≡T 0: Let nj ∈ N and let γ(1), . . . , γ(nj) ∈ N be such that
∏nj
i=1 x
γ(i)
i = mj .
Case 2a: There exists an i ∈ D such that for all j ≤ nj we have γ(j) ≡Pi 0:
We see that for for all j ≤ n′ we have β(j) ≡Pi 0, since Pi divides T , and thus
m′ ∈ C.
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Case 2b: There exists j′ ≤ nj such that for all i ∈ {1, . . . , nj} \ {j′} we have
α(i) ≡T 0: We see that for for all i ∈ {1, . . . , n′} \ {j′} we have β(i) ≡T 0, and
thus m′ ∈ C.
Hence C is closed under the composition of monomials, and thus Claim 1 holds.
The next goal is to show that
(Claim 2) Sq(D) = C.
“⊆” is clear since the generators of Sq(D) lie in C. For “⊇” we observe the
following. Let m =
∏n
i=1 x
α(i)
i ∈ C. We show that m ∈ Sq(D). Let I := {i ∈ N |
i ≤ n, α(i) = 0}. We have J := {1, . . . , n}\I 6= ∅. Letm′ :=
∏
i∈J x
α(i)
i
∏
i∈I x
q−1
i .
Now let β(1), . . . , β(n) ∈ N be such that for all i ∈ J we have β(i) = α(i) and
for all i ∈ I we have β(i) = q − 1. Then m′ =
∏n
i=1 x
β(i)
i . Now we show that
m′ ∈ Sq(D).
Case 1. There exists an i ∈ D such that for all j ≤ n we have α(j) ≡Pi 0:
Since q − 1 ≡Pi 0 we have for all j ≤ n that β(j) ≡Pi 0: We easily see that
m′ ∈ 〈{xt1, x
Pi
1 · · ·x
Pi
n | t ∈ N}〉 ⊆ Sq(D).
Case 2. There exists j ≤ n such that for all i ∈ {1, . . . , n}\{j} we have α(i) ≡T
0: Since q−1 ≡T 0 we have for all i ∈ {1, . . . , n} \ {j} that β(i) ≡T 0. We see by
Lemma 2.7 and by permuting variables that m′ ∈ 〈{xt1, x1x
T
2 | t ∈ N}〉 ⊆ Sq(D).
Since m′ ∈ Sq(D), we get by Lemma 2.2 that m ∈ Sq(D), and thus Claim 2
holds.
This finishes the proof. 
Lemma 5.9. Let q > 2 be a prime power, let l ∈ N and let P1 < . . . < Pl be
the primes that divide q− 1. Let C be a monomial clone on Fq. We assume that
for all nonempty D ⊆ {1, . . . , l}, C 6⊆ Sq(D). Then C contains the monomial
x1 · · ·xq.
Proof. If for all m ∈ C of width greater than 1 there exists an i ≤ l such that Pi
divides all exponents of m, then we have by Lemma 5.8 that C ⊆ Sq({1, . . . , l}),
which is a contradiction to our assumption that C 6⊆ Sq({1, . . . , l}). Hence, the
set C ′ defined by
C ′ := {xα(1)1 · · ·x
α(n)
n ∈ C |n > 1, α(1), . . . , α(n) ∈ N,
∀i ≤ l ∃j ≤ n : Pi does not divide α(j)}
is nonempty.
Let m = x
α(1)
1 · · ·x
α(n)
n be a monomial with α(1), . . . , α(n) ∈ N. Then we define
for i ∈ {1, . . . , n},
d′(m, i) := gcd({α(j) | j ∈ {1, . . . , n} \ {i}} ∪ {P1 · · ·Pl}).
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Now let
d(m) := max({d′(m, i) | i ∈ {1, . . . , n}}).
We have that d(m) is equal to 1 or equal to a product of distinct primes that
divides q−1. Now we assume that m = xα(1)1 · · ·x
α(n)
n ∈ C ′ has the property that
for all m′ ∈ C ′ we have
(P1) d(m) ≤ d(m′).
This means that d(m) is minimal with respect to ≤.
Case 1. We assume that d(m) = 1: Since d(m) = max({d′(m, i) | i ∈
{1, . . . , n}}) and P1, . . . , Pl are all primes that divide q − 1, we have gcd({α(i) |
i ∈ E} ∪ {q − 1}) = 1 for all E ⊆ {1, . . . , n} with |E| = n − 1. Since n > 1,
Lemma 5.7 now yields x1 · · ·xq ∈ C.
Case 2. Now we assume 1 < d(m) ≤ P1 · · ·Pl: We show that this assumption
leads to a contradiction to the minimality of d(m). Let k ≤ n be such that
d(m) = gcd(α(1), . . . , α(k − 1), α(k + 1), . . . , α(n), P1 · · ·Pl). Let D ⊆ {1, . . . , l}
be such that d(m) =
∏
i∈D Pi. Since d(m) > 1, we have that D 6= ∅, and
thus we have by Lemma 5.8 that m ∈ Sq(D). Since m ∈ C ′, we have for all
i ∈ D that Pi does not divide α(k), which means gcd(α(k), Pi) = 1 for all
i ∈ D, and thus gcd(α(k), d(m)) = 1. We define D′ := {1, . . . , l} \ D. For all
i′ ∈ D′ there exists a j ≤ n with j 6= k such that gcd(α(j), Pi′) = 1, since
d(m) = gcd(α(1), . . . , α(k − 1), α(k + 1), . . . , α(n), P1 · · ·Pl) =
∏
i∈D Pi.
Case 2a. We assume that C ′ ⊆ Sq(D): Since C 6⊆ Sq(D), we have m1 =
x
β(1)
1 · · ·x
β(n1)
n1 ∈ C with β(1), . . . , β(n1) ∈ N such that m1 6∈ Sq(D). By composi-
tion of monomials we get
m2(x1, . . . , xn+n1−1) := m(x1, . . . xk−1, m1(xk, . . . , xk+n1−1), xk+n1, . . . , xn+n1−1)
=
k−1∏
i=1
x
α(i)
i
n1∏
j=1
x
α(k)β(j)
k+j−1
n∏
i=k+1
x
α(i)
i+n1−1
∈ C.
We show that
(Claim 1) m2 6∈ Sq(D).
Since m1 6∈ Sq(D) we know by Lemma 5.8 that there are different j1, j2 ≤ n1
such that gcd(β(j1), d(m)) < d(m) and gcd(β(j2), d(m)) < d(m) and for all
i ∈ D there exists a Ji ≤ n1 such that gcd(β(Ji), Pi) = 1. We have for
all i ∈ D that gcd(α(k), Pi) = 1, and thus we have gcd(α(k)β(j1), d(m)) <
d(m) and gcd(α(k)β(j2), d(m)) < d(m). Furthermore, for all i ∈ D we have
gcd(α(k)β(Ji), Pi) = 1. Since {α(k)β(j) | j ≤ n1} are exponents of m2, we get
by Lemma 5.8 that m2 6∈ Sq(D), which proves Claim 1.
Now we show that
(Claim 2) m2 ∈ C
′.
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Since α(1), . . . , α(n), β(1), . . . , β(n1) ∈ N we have for each j ∈ {1, . . . , n+n1−1}
that the exponent of the variable xj is not equal to 0. Let i ∈ {1, . . . , l}. If i ∈ D′,
then there is a Ji ≤ n with Ji 6= k such that gcd(α(Ji), Pi) = 1. If i ∈ D, then
there is a Ji ≤ n1 such that gcd(β(Ji), Pi) = 1, and thus gcd(α(k)β(Ji), Pi) = 1.
Since {α(j) | j ≤ n, j 6= k} ∪ {α(k)β(j) | j ≤ n1} are exponents of m2 we have
that m2 ∈ C ′, which proves Claim 2.
By Claim 1 we have m2 6∈ Sq(D) and by Claim 2 we have m2 ∈ C ′. This
contradicts the assumption of Case 2a.
Case 2b. There exists m1 = x
β(1)
1 · · ·x
β(n1)
n1 ∈ C
′ with m1 6∈ Sq(D): Since
m1 ∈ C ′ we have that β(1), . . . , β(n1) ∈ N, and since m1 6∈ Sq(D) we get by
Lemma 5.8 that for all j1 ≤ n1 we have
(P2) gcd(d′(m1, j1), d(m)) < d(m).
By composition of monomials we get
m2(x1, . . . , xn1·n) :=
m(m1(x1, . . . , xn1), m1(xn1+1, . . . , x2·n1), . . . , m1(xn1(n−1)+1, . . . , xn1·n))
=
n∏
i=1
n1∏
j=1
x
α(i)β(j)
(i−1)·n1+j
∈ C.
Since m and m1 lie in C
′, we have that gcd(α(1), . . . , α(n), P1 · · ·Pl) = 1 and
gcd(β(1), . . . , β(n1), P1 · · ·Pl) = 1. Let j′ ≤ n and j′1 ≤ n1 be such that d(m2) =
gcd({α(j)β(j1) | j ≤ n, j1 ≤ n1, (j, j1) 6= (j′, j′1)} ∪ {P1 · · ·Pl}).
For all j1 ≤ n1 we have
gcd({β(j1)α(j) | j ≤ n} ∪ {P1 · · ·Pl}) = gcd(β(j1), P1 · · ·Pl),
since gcd(α(1), . . . , α(n), P1 · · ·Pl) = 1. Hence we get for all j1 ≤ n1 with j1 6= j′1
that d(m2) divides β(j1), and thus d(m2) divides d
′(m1, j
′
1). Similarly, we have
for all j ≤ n that
gcd({β(j1)α(j) | j1 ≤ n1} ∪ {P1 · · ·Pl}) = gcd(α(j), P1 · · ·Pl),
since gcd(β(1), . . . , β(n1), P1 · · ·Pl) = 1. Hence we get for all j ≤ n with j 6= j′
that d(m2) divides α(j), and thus d(m2) divides d
′(m, j′).
This means d(m2) = gcd(d
′(m, j′), d(m2)) = gcd(d
′(m1, j
′
1), d(m2)). Since
d(m2) = gcd(d
′(m, j′), d(m2)) and d
′(m, j′) ≤ d(m) we get that
(5.1) d(m2) = gcd(d
′(m, j′), d(m2)) ≤ d(m).
By (P2) we have gcd(d′(m1, j
′
1), d(m)) < d(m), and since gcd(d
′(m1, j
′
1), d(m2)) =
d(m2) we get that
(5.2) gcd(d(m2), d(m)) = gcd(d(m2), d
′(m1, j
′
1), d(m)) < d(m).
By (5.1) and (5.2) we get that d(m2) < d(m). This contradicts (P1).
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This finishes the proof. 
The next theorem gives a description of all coatoms of the lattice of monomial
clones on Fq.
Theorem 5.10. Let q > 2 be a prime power, let l ∈ N and let P1 < . . . < Pl
be the primes that divide q − 1. Then the coatoms of the lattice of monomial
clones are given by 〈{x1 · · ·x1+Pi}〉 for i ≤ l, and by Sq(D) for D ⊆ {1, . . . , l}
nonempty.
Proof. By Theorem 5.4 we know that for i ≤ l, 〈{x1 · · ·x1+Pi}〉 is a coatom.
Now let D ⊆ {1, . . . , l} be nonempty. First, we see that the monomial clone
Sq(D) is different from the monomial clones which we have described in The-
orem 5.4, since by Lemma 5.8, Sq(D) does not contain a monomial with two
exponents which are relatively prime to q − 1.
Now we show that for different nonempty sets D,D′ ⊆ {1, . . . , l}, Sq(D) and
Sq(D
′) are incomparable. We assume D 6⊆ D′ and D′ 6⊆ D. Then we have
t1 ∈ D \D′ and t2 ∈ D′ \D. We get by Lemma 5.8 that x
Pt1
1 x
Pt1
2 ∈ Sq(D), but
x
Pt1
1 x
Pt1
2 6∈ Sq(D
′). On the other hand, x
Pt2
1 x
Pt2
2 ∈ Sq(D
′), but x
Pt2
1 x
Pt2
2 6∈ Sq(D),
and thus Sq(D) and Sq(D′) are incomparable. Now letD ⊂ D′, and let t ∈ D′\D.
Then by Lemma 5.8, xPt1 x
Pt
2 6∈ Sq(D) and x
Pt
1 x
Pt
2 ∈ Sq(D
′), but x1x
∏
i∈D Pi
2 ∈ Sq(D)
and x1x
∏
i∈D Pi
2 6∈ Sq(D
′). Hence, Sq(D) and Sq(D′) are incomparable.
The next goal is to show that for D ⊆ {1, . . . , l} nonempty, Sq(D) is a coatom.
To this end, let C be a monomial clone on Fq with Sq(D) ⊂ C. Now we show
that
(5.3) C = 〈{x1x2}〉.
Let T :=
∏
i∈D Pi. Let m = x
α(1)
1 x
α(2)
2 · · ·x
α(n)
n ∈ C \ Sq(D). Then n > 1, since
Sq(D) contains all monomials of width 1. By Lemma 5.8, m has at least two expo-
nents which are not divisible by T , and for all i ∈ D we have that there is a j ≤ n
such that Pi does not divide α(j). Therefore we have gcd(α(1), . . . , α(n), T ) = 1.
Case 1. We assume that there is a j ≤ n such that gcd(α(j), q − 1) = 1:
Then there is a j′ ≤ n with j 6= j′ such that gcd(α(j′), T ) < T . We assume
j = 1 and j′ = 2. Then we have by Lemma 2.10 that x1x
α(2)
2 x
γ
3 ∈ C for some
γ ∈ N0, and thus we get by Lemma 2.7 that there exists a γ′ ∈ N0 such that
x1x
α(2)
2 x
α(2)
3 x
γ′
4 ∈ C. Since gcd(α(2), T ) < T , there is an i ∈ D such that Pi
does not divide α(2). We have xPi1 x
Pi
2 ∈ Sq(D) ⊂ C. Now we get by permuting
variables and by composition of monomials that
xPi1 x
Pi
2 x
α(2)
3 x
α(2)
4 x
γ′
5 ∈ C.
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Since all monomial of width 1 are in Sq(D) ⊂ C, we get for for all t1, t2 ∈ N that
xt1·Pi1 x
t1·Pi
2 x
t2·α(2)
3 x
t2·α(2)
4 x
γ′
5 ∈ C.
By identifying x3 with x1, x4 with x1 and x5 with x3 we get for all t1, t2 ∈ N that
x
t1·Pi+t2·α(2)
1 x
t1·Pi+t2·α(2)
2 x
γ′
3 ∈ C.
Since gcd(α(2), Pi) = 1, we have gcd(α(2), Pi, q − 1) = 1, and thus x1x2x
γ′
3 ∈ C.
Since xq−11 ∈ C, we get x1x2x
γ′·(q−1)
3 ∈ C, and thus we get by Lemma 2.2 that
x1x2 ∈ C. Therefore C = 〈{x1x2}〉.
Case 2. Now we assume that for all j ≤ n we have gcd(α(j), q − 1) 6= 1: For
every j ≤ n there exists an i ∈ D such that Pi divides α(j). For each j ≤ n, we
define I(j) := min({i ∈ N | i ∈ D,Pi divides α(j)}). We have for all j ≤ n, that
hj := x
PI(j)
1 x
PI(j)
2 ∈ Sq(D) ⊂ C. By composition of monomials we get that
m′ := m(h1(x1, xn+1), h2(x2, xn+2) · · · , hn(xn, x2n))
=
n∏
j=1
x
PI(j)·α(j)
j
n∏
j=1
x
PI(j)·α(j)
n+j ∈ C.
We have by Lemma 5.8 that x1x
T
2 x
T
3 ∈ Sq(D) ⊂ C, and thus x1x
T
2n+1x
T
2n+2 ∈ C.
Now we set m′ into x1 of x1x
T
2n+1x
T
2n+2, and get
n∏
j=1
x
PI(j)·α(j)
j
n∏
j=1
x
PI(j)·α(j)
n+j x
T
2n+1x
T
2n+2 ∈ C.
Since all monomials of width 1 are in C, we get for all t1, . . . , tn+1 ∈ N that
n∏
j=1
x
tj ·PI(j)·α(j)
j
n∏
j=1
x
tj ·PI(j)·α(j)
n+j x
tn+1·T
2n+1 x
tn+1·T
2n+2 ∈ C.
By setting x1, . . . , xn, x2n+1 to x1 and by setting xn+1, . . . , x2n, x2n+2 to x2, we get
for all t1, . . . , tn+1 ∈ N that
x
∑n
j=1 tj ·PI(j)·α(j)+tn+1·T
1 x
∑n
j=1 tj ·PI(j)·α(j)+tn+1·T
2 ∈ C.
We have gcd(α(1), . . . , α(n), T ) = 1, and for all j ≤ n we have gcd(α(j), PI(j)) =
PI(j), and thus gcd(PI(1) · α(1), . . . , PI(n) · α(n), T, q − 1) = 1, since we have that
gcd(α(1), . . . , α(n), T ) = 1. Hence x1x2 ∈ C, and thus C = 〈{x1x2}〉.
We proved (5.3), and thus Sq(D) is a coatom.
Now we show that there are no other coatoms. Let C be a coatom of the
lattice of monomial clones on Fq which is different from the coatoms given in the
statement. This means that for all ∅ 6= D ⊆ {1, . . . , l} we have C 6⊆ Sq(D). Now
Lemma 5.9 yields x1 · · ·xq ∈ C. Since C is a coatom, we get by Theorem 5.4 that
C = 〈{x1 · · ·x1+Pi}〉 for some i ≤ l. This contradicts that C is a coatom which
is different from the statement.
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All coatoms we have found in Theorem 5.10 are different and thus we get the
number of the coatoms on Fq.
Corollary 5.11. Let q > 2 be a prime power, let l ∈ N be the number of different
primes that divide q − 1. Then there are 2l − 1 + l coatoms of the lattice of
monomial clones on Fq.
5.3. Summary. We summarize this section in Figure 5. Let q > 2 be a prime
power, let l, m, n ∈ N and let P1 < . . . < Pl be all primes that divide q−1 and let
s1 < . . . < sm ≤ q − 1 be all numbers such that for all i ≤ m, sp ≡q−1 1 for some
prime p or sisi ≡q−1 si. Let D1, . . . , D2l−1 be all nonempty subsets of {1, . . . , l}.
〈{x1x2}〉
〈{x1}〉
〈{x1x
q−1
2 }〉 〈{x
s1
1 }〉 〈{x
s2
1 }〉 〈{x
sm
1 }〉· · ·
...
...
...
...
〈{x1 · · ·xq}〉
〈{x1 · · ·x1+P1}〉 〈{x1 · · ·x1+Pl}〉· · ·
...
...
...D(q − 1)
∼=
〈{xt1x
q−1
2 | t ∈ N}〉
Sq(D2l−1)
...
...
Sq(D1) · · ·
...
Figure 5. The frame of the lattice of monomial clones on Fq
6. Infinite chains of monomial clones
6.1. Monomial clones are well-partially ordered. Let q be a prime power,
and let S ⊆ Nq−10 with (0, . . . , 0) ∈ S. We call S a q-minor set if for all
(s1, . . . , sq−1) ∈ S we have for all t1, . . . , tq−1 ∈ N0 with si − ti(q − 1) ≥ 0 for all
i ≤ q − 1 that (s1 − t1(q − 1), . . . , sq−1 − tq−1(q − 1)) ∈ S. By Tq we denote the
set of all q-minor sets.
Let b = (b1, . . . , bq−1) ∈ {0, . . . , q − 2}q−1 and let S ⊆ N
q−1
0 be a q-minor set.
We define M(b, S) by
M(b, S) := {(t1, . . . , tq−1) ∈ N
q−1
0 | (b1, . . . , bq−1) + (q − 1) · (t1, . . . , tq−1) ∈ S}.
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Let ≤ be the product order on Nq−10 . We call a subset D ⊆ N
q−1
0 downward
closed if d ∈ D, d′ ∈ Nq−10 , d
′ ≤ d implies d′ ∈ D. By the definition of a q-minor
set, we have that M(b, S) is a downward closed set for all b ∈ {0, . . . , q− 2}q−1.
Lemma 6.1. Let S, S ′ ⊆ Nq−10 be q-minor sets. Then S ⊆ S
′ if and only if
M(b, S) ⊆M(b, S ′) for all b ∈ {0, . . . , q − 2}q−1.
Proof. For the “only if”-direction let S ⊆ S ′. Let b ∈ {0, . . . , q − 2}q−1. Then
obviouslyM(b, S) ⊆ M(b, S ′) holds by the definition ofM . For the “if”-direction
we assume that S 6⊆ S ′. Then there is a s = (s1, . . . , sq−1) ∈ S such that s 6∈ S ′.
Now let t1, . . . , tq−1 ∈ N0 such that 0 ≤ si − ti(q − 1) ≤ q − 2. We define
b := (s1−t1(q−1), . . . , sq−1−tq−1·(q−1)). Then we have (t1, . . . , tq−1) ∈M(b, S),
but (t1, . . . , tq−1) 6∈M(b, S ′), because s 6∈ S ′. This finishes the proof. 
Let b1, . . . ,b(q−1)(q−1) be all elements of {0, . . . , q − 2}
q−1. Let S ⊆ Nq−10 be a
q-minor set. Now we define T (S) ∈ (D(Nq−10 ))
(q−1)(q−1) by
T (S) := (M(b1, S), . . . ,M(b(q−1)(q−1) , S)).
Proposition 6.2. Let q be a prime power. (Tq,⊆) is well-partially ordered.
Proof. Let D(Nq−10 ) be the set of all downward closed sets. Since the down-
ward closed sets are the complements of the upward closed sets, we get from [1,
Theorem 1.1] that (D(Nq−10 ),⊆) does not contain infinite antichains or infinite de-
scending chains. Now [3, Example (4) p.195] yields that ((D(Nq−10 ))
(q−1)(q−1) ,⊆′),
where ⊆′ is the product order of ⊆, does not contain infinite antichains or infinite
descending chains. By Lemma 6.1 we have that T is an order embedding into
((D(Nq−10 ))
(q−1)(q−1) ,⊆′) and thus the result holds. 
Let q be a prime power. Remember, that Mq is the set of all monomial clones
on Fq, and if C ∈ Mq, then C is the set {
∏n
i=1 x
α(i)
i ∈ C | ∀i ≤ n : α(i) ∈
{1, . . . , q− 1}}. Let m ∈ C. Now we define for i ∈ {1, . . . , q− 1}, N (m, i) as the
number of exponents of m equal to i. Let C be a monomial clone. We define
φ(C) := {(N (m, 1), . . . ,N (m, q − 1)) ∈ Nq−10 | m ∈ C} ∪ {(0, . . . , 0)}.
Since C is closed under identifying variables and a+ (q − 1) · a = a for all a ∈ N,
we have φ(C) ∈ Tq.
Theorem 6.3. Let q be a prime power. Then φ is an order embedding from
(Mq,⊆) to (Tq,⊆), and thus the lattice of monomial clones on Fq is well-partially
ordered, i.e. there is no infinite descending chain of monomial clones on Fq and
there is no infinite antichain of monomial clones on Fq.
Proof. We show that C ⊆ C ′ if and only if φ(C) ⊆ φ(C ′). The “only if”-direction
holds by the definition of φ. For the “if”-direction let φ(C) ⊆ φ(C ′). Let m =
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i=1 x
α(i)
i ∈ C, where α(i) ≤ q−1 for each i ≤ n. Then e = (s1, . . . , sq−1) ∈ φ(C),
where si = N (m, i) for each i ≤ q − 1. Since φ(C) ⊆ φ(C
′), we have e ∈ φ(C ′).
Therefore there is an m′ ∈ C ′ such that m′ =
∏n
i=1 x
α(i)
pi(i) for some bijective
pi : {1, . . . , n} → {1, . . . , n}. Since C is closed under permuting variables, we have
m ∈ C ′. This means φ is an order embedding from Mq to Tq. By Proposition 6.2
we have that (Tq,⊆) is well-partially ordered, and thus the result holds. 
Remark : For the embedding from monomial clones to q-minor sets, we have
just used that a clone is closed under composition with projections. Proposition
2.13 of [16] states that for every finite set A, up to term equivalence, there are only
countably many semi-affine algebras on A. Theorem 6.3 does not follow directly
from this result of A´. Szendrei or its proof. On the other hand one can generalize
easily the result of Theorem 6.3 to the lattice of 0-preserving semi-affine algebras
with respect to an abelian algebra A := (A,+,−, 0), by
• replacing in the definition of a q-minor set, (q− 1) by the exponent of A,
• and counting the number of occurrences of a coefficient r in f : An →
A, (a1, . . . , an) 7→
∑n
i=1 ri · ai (cf. Proof of [16, Proposition 2.13]).
6.2. Infinite ascending chains.
Proposition 6.4. Let q > 2 be a prime power such that there is a k ∈ N \ {1}
with k2 | q − 1. Now let d := q−1
k
. Let for each i ∈ N0, fi :=
∏k·i+1
j=1 x
d
j . Then
(〈{fi}〉)i∈N0 is an infinite ascending chain of monomial clones on Fq.
Proof. Let i ∈ N0. We have k · d = q − 1, and thus by Lemma 2.2 we have
〈{fi}〉 ⊆ 〈{fi+1}〉. Now we show that this inclusion is proper. We have d 6= q−1,
since k 6= 1, and d2 = (q − 1) · ( q−1
k2
) = q − 1, since k2 | q − 1. We interpret now
fi as the k · i + 1-ary function which is induced by fi. The clone generated by
fi can be described as the set of all T
Fq(g1, . . . , gn′) where n
′ ∈ N0, T is a term
over the variables y1, . . . , yn′ in the language {fi} and g1, . . . , gn′ are in the clone
generated by fi. Here T
Fq denotes the term function that the term T induces
on Fq. We proceed now on the length of the term T to show that if T
Fq is
not a projection, then T Fq is an n-ary operation on Fq for some n ∈ N which
is induced by a monomial x
α(1)
1 · · ·x
α(n)
n with α(1), . . . , α(n) ∈ {0, 1, . . . , q − 1}
such that |{j ≤ n | α(j) = d}| ≤ k · i + 1 and for each j ≤ n we have that d
divides α(j). If the length of the term T is equal to 1, then T Fq is induced by
the monomial fi or a projection, and thus the statement holds. Now let T be of
length greater than 1. If T = pin
′
l (T1, . . . , Tn′), where n
′, l ∈ N with l ≤ n′ and
pin
′
l is the n
′-ary projection to the l-th variable and for j ≤ n′, Tj is a shorter
term than T , then the statement holds by the induction hypothesis. Now let
T = fi(T1, . . . , Tk·i+1) where for j ≤ k · i + 1, Tj is a shorter term than T . Let
n ∈ N be the arity of T Fq . Now let m = xα(1)1 · · ·x
α(n)
n be the monomial with
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α(1), . . . , α(n) ∈ {0, 1, . . . , q − 1} that induces T Fq . We see the following. Let
j ≤ k · i + 1. If (Tj)Fq is a projection, then (T dj )
Fq(a1, . . . , an) = a
d
i′ for some
i′ ≤ n. If (Tj)Fq is not a projection, then (T dj )
Fq(a1, . . . , an) =
∏
i′∈I a
q−1
i′ for some
I ⊆ {1, . . . , n}, since by the induction hypothesis all exponents of the monomial
which induces T
Fq
j are of the form t · d, and thus we have t · d · d = t · d
2 where
t · d2 = q− 1. Since d | q− 1, we now get that the exponents α(1), . . . , α(n) of m
are divisible by d. Since d 6= q− 1, we get that the number of d as exponent is at
most the number of Tj ’s which are projections. This means that at most k · i+1
many exponents of m are equal to d.
Now we have 〈{fi}〉 ⊂ 〈{fi+1}〉, since fi+1 contains k ·(i+1)+1 many exponents
with d as exponent. Hence, 〈{f0}〉 ⊂ 〈{f1}〉 ⊂ 〈{f2}〉 ⊂ 〈{f3}〉 ⊂ . . . which
finishes the proof. 
Example 6.5. In F5, 〈{x
2
1}〉 ⊂ 〈{x
2
1x
2
2x
2
3}〉 ⊂ 〈{x
2
1x
2
2x
2
3x
2
4x
2
5}〉 ⊂ . . . or in F9,
〈{x41}〉 ⊂ 〈{x
4
1x
4
2x
4
3}〉 ⊂ 〈{x
4
1x
4
2x
4
3x
4
4x
4
5}〉 ⊂ . . . are infinite ascending chains of
monomial clones.
Remark : Let q > 2 be a prime power such that there is a k ∈ N \ {1} with
k2 | q−1. We find infinite ascending chains if k2 divides q−1 for some k ∈ N\{1},
also by the connection to semi-affine algebras: By [16, p. 60] the clones on Zq−1,
generated by {
∑i
j=1 k · xj} for i ∈ N, form an infinite ascending chain.
Theorem 6.6. Let q be a prime power. Infinite ascending chains of monomial
clones on Fq exist if and only if q − 1 is not square-free.
Proof. If q− 1 is not square-free, then we get infinite ascending chains by Propo-
sition 6.4. Now we assume that q − 1 is square-free. By A´. Szendrei (see [15] or
[16]) we know that the number of semi-affine algebras on a finite set A is finite if
and only if |A| is square-free. Since q− 1 is square-free we have that the number
of semi-affine clones with respect to (Zq−1,+,−, 0) is finite. Item (3) of Proposi-
tion 4.3 now yields that the number of monomial clones on Fq is finite, and thus
there do not exist infinite ascending chains. 
Corollary 6.7. Let q be a prime power. Then the lattice of monomial clones on
Fq is finite if and only if q − 1 is square-free.
Proof. Follows from Theorem 6.3 and Theorem 6.6. 
7. Idempotent monomial clones
Let q be a prime power. In this section we investigate idempotent monomial
clones on Fq, this means the interval [〈{x1}〉, 〈{x1 · · ·xq}〉].
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Lemma 7.1. Let q be a prime power. Let k, l ∈ N and let m1 be a k-ary idem-
potent monomial and let m2 be a l-ary idempotent monomial. Now let
m(x1, . . . , xk·l) := m1(m2(x1, . . . , xl), . . . , m2(x(k−1)·l+1, . . . , xl·k)).
Then 〈{m1, m2}〉 = 〈{m}〉.
Proof. Let m1 =
∏k
j=1 x
α(j)
j where
∑k
j=1 α(j) = 1 and let m2 =
∏l
j=1 x
β(j)
j where∑l
j=1 β(j) = 1. Obviously, “⊇” holds, since m is a composition of m1 and m2.
For “⊆” we observe the following. Using idempotency, we have
m(x1, . . . , x1, x2, . . . , x2, . . . , xk, . . . , xk) =
k∏
j=1
x
α(j)·(
∑l
i=1 β(i))
j ∈ 〈{m}〉,
and thus m1 =
∏k
j=1 x
α(j)
j ∈ 〈{m}〉, since
∑l
i=1 β(i) = 1. On the other hand we
also get
m(x1, . . . , xl, x1, . . . , xl, . . . , x1, . . . , xl) =
k∏
i=1
(
l∏
j=1
x
β(j)
j )
α(i) =
l∏
j=1
(
k∏
i=1
x
β(j)·α(i)
j )
=
l∏
j=1
x
β(j)·(
∑k
i=1 α(i))
j ∈ 〈{m}〉,
and thus m2 =
∏l
j=1 x
β(j)
j ∈ 〈{m}〉, since
∑k
i=1 α(i) = 1. This finishes the
proof. 
As a consequence of Lemma 7.1 we get the following corollary:
Corollary 7.2. Let q be a prime power. A finitely generated idempotent mono-
mial clone on Fq is single generated.
Remark : Corollary 7.2 does not hold in general for an arbitrary monomial
clone, as we can see in Proposition 3.1 for the field F3 where the monomial clone
〈{x21, x1x
2
2}〉 can not be generated by one element.
Now we use again the connection of monomial clones to semi-affine algebras to
show that there are only finitely many idempotent monomial clones on Fq.
Proposition 7.3. Let q be a prime power. The lattice of idempotent monomial
clones on Fq is finite.
Proof. Let ϕ be defined as in Section 4. Then C is an idempotent monomial
clone on Fq if and only if ϕ(C) is a finite idempotent 0-preserving semi-affine
clone with respect to (Zq−1,+,−, 0), since
∑n
i=1 r(i)xi is idempotent if and only
if
∑n
i=1 r(i) = 1. By Lemma 5.1 we know that every idempotent clone strictly
above 〈{x1}〉 contains x1x
q−1
2 . By Item (1) and Item (2) of Proposition 4.3 we
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get that |[〈{x1}〉, 〈{x1 · · ·xq}〉]| = |[ϕ(〈{x1}〉), ϕ(〈{x1 · · ·xq}〉)]| + 1. The result
follows now from [16, Corollary 2.20], which states that there are only finitely
many idempotent semi-affine algebras on a fixed universe. 
Corollary 7.4. Let q be a prime power. Every idempotent monomial clone on
Fq is single generated.
Proof. By Proposition 7.3 we get that there are no infinite ascending chains of
monomial clones in [〈{x1}〉, 〈{x1 · · ·xq}〉], and thus the result follows from Corol-
lary 7.2. 
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